SRAR loops with more than two commutators  by Chein, Orin & Goodaire, Edgar G.
Journal of Algebra 319 (2008) 1903–1912
www.elsevier.com/locate/jalgebra
SRAR loops with more than two commutators ✩
Orin Chein a,∗, Edgar G. Goodaire b
a Temple University, Philadelphia, PA 19122, USA
b Memorial University of Newfoundland, St. John’s, Newfoundland, Canada A1C 5S7
Received 8 May 2006
Available online 8 January 2008
Communicated by Efim Zelmanov
Abstract
Possession of a unique nonidentity commutator/associator is a property that dominates the theory of
loops whose loop rings, while not associative, nevertheless satisfy an “interesting” identity. For instance,
until now, all loops with loop rings satisfying the right Bol identity (such loops are called SRAR) have been
known to have this property. In this paper, we present various constructions of other kinds of SRAR loops.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
For any associative, commutative ring R with 1 and any loop L, one can construct the loop
ring RL precisely as if L were a group. A half century ago, with mild restrictions on character-
istic, Lowell Paige proved that if a commutative loop ring is even power associative, then that
loop ring and hence the underlying loop as well must be associative [Pai55]. Such observations
are perhaps the reason that the loop ring in general remained an almost forgotten object for thirty
years. In the mid 1980s, the second author found a class of loops whose loop rings satisfy both
the right and left alternative laws in characteristic different from 2 [Goo83]. Since the underlying
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(equivalent) Moufang identities
(xy)(zx) = x[(yz)x],[
(xy)z
]
y = x[y(zy)],
x
[
y(xz)
] = [(xy)x]z,
the loop L must be a Moufang loop. But not all Moufang loops give rise to alternative loop
rings. In [CG86], the authors found precise conditions on the Moufang loop L under which the
loop ring RL, in characteristic different from 2, is alternative. Later, they found more Moufang
loops whose loop rings are alternative in any characteristic [CG90] and, in the 1990s, Goodaire
and Robinson found some (nonassociative) Bol loops1 whose loop rings (necessarily in charac-
teristic 2 [Kun98]) are strongly right alternative in the sense that they satisfy not just the right
alternative law, but the stronger right Bol identity [GR95]. Such loops are called SRAR.
Historically, one loop theoretic property has been dominant amongst those classes of loops
whose loop rings satisfy an identity of Bol–Moufang type (an identity of degree four in three
variables, such as the Moufang or Bol identities). The property in question is the possession of a
unique nonidentity commutator/associator, i.e., an element s such that, for all elements a and b
in the loop,
ab = ba or ab = (ba)s (1.1)
and, for all elements a, b and c,
(ab)c = a(bc) or (ab)c = [a(bc)]s. (1.2)
For instance, until now, all known SRAR loops have had this property (and all Bol loops with
this property are SRAR) and it has been tempting to conjecture that only Bol loops with a unique
nonidentity commutator/associator can be SRAR. The purpose of this paper is to show that this
conjecture is false.
If L is a loop and if a, b and c are elements of L, we use (a, b) to denote the commutator
of a and b (this is the element s which appears in (1.1)) and (a, b, c) to denote the associator
of a, b and c (this is the element s which appears in (1.2)). The subloop of L generated by all
commutators and associators is denoted L′. Thus the assertion that L has a unique nonidentity
commutator/associator is the statement |L′| = 2.
The left nucleus of L is the set
Nλ =
{
x ∈ L ∣∣ (x, a, b) = 1 for all a, b ∈ L}.
A good reference for the theory of loops and Bol loops in particular is the text by Hala Pflugfelder
[Pfl90]. Key properties of Bol loops include their power associativity (powers of an element are
well-defined) and, more generally, their right power alternativity: (abi)bj = abi+j for all a, b
1 In this paper, “nonassociative” always means “not associative” and all Bol loops are right Bol, that is, they satisfy the
right Bol identity [(xy)z]y = x[(yz)y].
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(ab)b−1 = a for all a and b.
In this paper we consider Bol loops whose left nucleus is an abelian group of index 2, show
that the loop rings of some such loops are strongly right alternative and exhibit various SRAR
loops with more than two commutators.
2. Loops with an index 2 left nucleus
Throughout this paper, L will denote a loop whose left nucleus is an abelian group N which,
as a subloop of L, has index 2. Choose a fixed element u not in N . Then Nu = uN is the com-
plement of N and multiplication in L = N ∪Nu can be defined in terms of mappings θ :N → N
and φ :N → N , where
un = (nθ)u and nφ = u(nu). (2.1)
Indeed, using the fact that N is the left nucleus, we have
n1(n2u) = (n1n2)u,
(n1u)n2 = n1(un2) =
[
n1(n2θ)
]
u
and (n1u)(n2u) = n1
[
u(n2u)
] = n1(n2φ) (2.2)
for n1, n2 ∈ N . It is not hard to see that θ and φ are bijections of N . Moreover, 1θ = 1, 1φ = u2
and, if L is power associative, u2θ = u2.
We begin by finding conditions on θ and φ in order for the described loops to be right Bol.
Theorem 2.1. Let L be a loop with a commutative left nucleus N of index 2. Let θ,φ :N → N
be the maps defined by (2.1).
(1) The loop L is Bol if and only if the following equations hold for all n1, n2 ∈ N .
(
n21n2
)
θ = (n1θ)2(n2θ), (2.3)[
n1(n1θ)n2
]
φ = n1(n1θ)(n2φ), (2.4)[
n1(n1φ)(n2θ)
]
θ = n1(n1φ)n2 (2.5)
and
[
n21(n2φ)
]
φ = (n1φ)2n2. (2.6)
(2) The loop L is Moufang if and only if it is a group, and either of these possibilities is equiva-
lent to
the map θ is an automorphism of period 2 and φ = θR(u2). (2.7)
Proof. (1) Loop L is Bol if and only if (xy · z)y = x(yz · y) for all x, y, z ∈ L. This identity is
trivially satisfied for x ∈ N . This leaves four cases which we summarize in Table 1, where we
intend n, n1, n2 to be elements of N . Remembering that N is commutative, the table establishes
part (1).
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x y z (xy · z)y x(yz · y)
nu n1 n2 [n(n1θ)(n2θ)(n1θ)]u [n(n1n2n1)θ]u
nu n1 n2u n(n1θ)(n2φ)n1 n[n1n2(n1θ)]φ
nu n1u n2 n(n1φ)n2n1u n[n1(n2θ)(n1φ)]θu
nu n1u n2u n(n1φ)n2(n1φ) n[n1(n2φ)n1]φ
Table 2
x y z (xy)z x(yz)
nu n1 n2 n(n1θ)(n2θ)u n(n1n2)θu
nu n1 n2u n(n1θ)(n2φ) n(n1n2)φ
nu n1u n2 n(n1φ)n2 n[n1(n2θ)]φ
nu n1u n2u n(n1φ)n2u n[n1(n2φ)]θu
(2) A loop with a normal nucleus of prime index cannot be power associative [GR82] (see
Theorem 1.1 and subsequent remarks). In particular, a Moufang loop cannot have a left nucleus
of index 2 (in a Moufang loop, the nucleus and left nucleus coincide and this subloop is normal)
so a Bol loop with left nucleus of index at most 2 is a group if and only if it is Moufang. To
complete the theorem, it therefore suffices to show that associativity of L is equivalent to the
condition stated in (2.7). Table 2 shows that L is a group if and only if θ is a homomorphism
(and hence an automorphism) and
(n1θ)(n2φ) = (n1n2)φ, (2.8)
(n1φ)n2 =
[
n1(n2θ)
]
φ, (2.9)
(n1φ)n2 =
[
n1(n2φ)
]
θ (2.10)
for all n1, n2 ∈ N . If L is a group, setting n2 = 1 in (2.8) and remembering that 1φ = u2 gives
φ = θR(u2). Then (2.10) says (n1θ)u2n2 = [n1(n2θ)u2]θ = (n1θ)(n2θ2)u2 because θ is a ho-
momorphism fixing u2, as previously noted. So n2θ2 = n2, showing that (2.7) is necessary for
associativity. Recalling that u2θ = u2, it is straightforward to check that the condition is also
sufficient. 
While it seems difficult to find general solutions θ , φ to the equations in (2.3)–(2.6), two
obvious solutions lead to the construction of some interesting Bol loops.
Corollary 2.2. Let L be a loop as in Theorem 2.1. Then L is a Bol loop if
(1) θ = I , the identity map on N , (n21n2)φ = n21(n2φ) and [n21(n2φ)]φ = (n1φ)2n2 for all
n1, n2 ∈ N , or
(2) φ = R(u2), (n21n2)θ = (n1θ)2(n2θ), and [n21(n2θ)u2]θ = n21n2u2 for all n1, n2 ∈ N .
It is the next theorem which leads to the discovery of some “new” SRAR loops and was the
inspiration for this paper.
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abelian group. Fix u /∈ N , write L = N ∪ Nu and define bijections θ and φ as in (2.1). If θ = I
or φ = R(u2), then L is SRAR.
[By Theorem 2.1, part (2), it is not possible to have both θ = I and φ = R(u2).]
Proof. By [GR95], a (non-Moufang) Bol loop L is SRAR, if and only if, for every x, y, z,w ∈ L,
at least one of the following holds:
D(x,y, z,w): [(xy)z]w = x[(yz)w] and [(xw)z]y = x[(wz)y],
E(x, y, z,w): [(xy)z]w = x[(wz)y] and [(xw)z]y = x[(yz)w],
F (x, y, z,w): [(xy)z]w = [(xw)z]y and x[(yz)w] = x[(wz)y].
If x = nu with n ∈ N , then
[
(xy)z
]
w = {[(nu)y]z}w = {[n(uy)]z}w = {n[(uy)z]}w = n{[(uy)z]w}
and, similarly,
x
[
(yz)w
] = n{u[(yz)w]},[
(xw)z
]
y = n{[(uw)z]y}
and x
[
(wz)y
] = n{u[(wz)y]},
so that, when attempting to verify conditions D, E or F with x ∈ Nu, there is no loss of gener-
ality if we assume that x = u.
Also, if x ∈ N , then
[
(xy)z
]
w = [x(yz)]w = x[(yz)w]
and
[
(xw)z
]
y = [x(wz)]y = x[(wz)y],
so that D(x,y, z,w) holds. This apparently leaves the eight cases
Case 1: x = u, y = n1, z = n2, w = n3,
Case 2: x = u, y = n1, z = n2, w = n3u,
Case 3: x = u, y = n1, z = n2u, w = n3,
Case 4: x = u, y = n1, z = n2u, w = n3u,
Case 5: x = u, y = n1u, z = n2, w = n3,
Case 6: x = u, y = n1u, z = n2, w = n3u,
Case 7: x = u, y = n1u, z = n2u, w = n3,
Case 8: x = u, y = n1u, z = n2u, w = n3u,
but interchanging w and y changes [(xy)z]w to [(xw)z]y and x[(yz)w] to x[(wz)y], and vice
versa, so Case 5 is essentially the same as Case 2. Similarly, Case 7 is essentially the same as
Case 4, so we have actually just six cases to consider.
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abelian group.
In Case 1,
[
(xy)z
]
w = [(un1)n2]n3 = [(n1θ)un2]n3 = [(n1θn2θ)u]n3
= (n1θn2θn3θ)u,
x
[
(yz)w
] = u(n1n2n3) = (n1n2n3)θu,[
(xw)z
]
y = [(un3)n2]n1 = [(n3θ)un2]n1 = [(n3θn2θ)u]n1
= (n1θn2θn3θ)u
and x
[
(wz)y
] = u(n3n2n1) = (n1n2n3)θu.
Thus, [(xy)z]w = [(xw)z]y and x[(yz)w] = x[(wz)y] and F(x, y, z,w) holds regardless of θ
and φ.
In Case 2,
[
(xy)z
]
w = [(un1)n2](n3u)
= [(n1θ)un2](n3u) = [(n1θn2θ)u](n3u)
= n1θn2θn3φ,
x
[
(yz)w
] = u[(n1n2)(n3u)] = u[(n1n2n3)u] = (n1n2n3)φ,[
(xw)z
]
y = {[u(n3u)]n2}n1 = (n3φ)n2n1
and x
[
(wz)y
] = u{[(n3u)n2]n1} = u{[(n3n2θ)u]n1}
= u[(n1θn2θn3)u] = (n1θn2θn3)φ.
If θ = I , we have [(xy)z]w = n1n2(n3φ) = [(xw)z]y and x[(yz)w] = (n1n2n3)φ =
x[(wz)y], and so F(x, y, z,w) holds. On the other hand, if φ = R(u2), then [(xy)z]w =
(n1θn2θ)n3u2 = x[(wz)y] and x[(yz)w] = (n1n2n3)u2 = [(xw)z]y, and so E(x,y, z,w) holds.
The remaining cases can be established with routine calculations similar to the two pre-
sented. 
3. Constructions and examples
As we have said, the motivation for this paper was the discovery that some of the SRAR loops
identified in Section 2 have more than two commutators and/or associators. To establish this fact
for the loops we are about to exhibit, we make use of a lemma.
Lemma 3.1. Let L be a Bol loop with a commutative left nucleus N of index 2. Define bijections
θ and φ by (2.1). Then (nθ)−1 = n−1θ and (nθ−1)−1 = n−1θ−1 for any n ∈ N , commutators in
L have the form [
n
(
n−1θ
)]
θ−1 or n1(n1φ)−1n−12 (n2φ),
and associators are of four types:
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(n1θ)(n2θ)
[
(n1n2)
−1θ
]}
θ−1, (n1θ)(n2φ)
[
(n1n2)φ
]−1
,
(n1φ)n2
{[
n1(n2θ)
]
φ
}−1
and
{
(n1φ)n2
{[
n1(n2φ)
]−1
θ
}}
θ−1.
If θ = I , then every commutator is of the form
n1(n1φ)
−1n−12 (n2φ)
and every associator has the form
n1(n2φ)
[
(n1n2)φ
]−1
or n1(n1φ)
−1n−12 (n2φ).
If φ = R(u2), every commutator has the form
[
n
(
n−1θ
)]
θ−1
and every associator has one of the forms
n
(
n−1θ
)
,
{
n
(
n−1θ
)}
θ−1 and
{
(n1θ)(n2θ)
[
(n1n2)
−1θ
]}
θ−1.
In both cases—θ = I or φ = R(u)2—every commutator is an associator.
Proof. If n ∈ N , nθ ∈ N , so [(nθ)−1u]n = (nθ)−1(un) = (nθ)−1[(nθ)u] = [(nθ)−1(nθ)]u = u.
Thus, by the right inverse property, (nθ)−1u = un−1 = (n−1θ)u, so (nθ)−1 = (n−1)θ . Replacing
n by nθ−1 gives n−1 = (nθ−1)−1θ , so (nθ−1)−1 = n−1θ−1.
Let n1, n2 ∈ N . The commutator (n1, n2u) is the element c defined by n1(n2u) = [(n2u)n1]c.
Thus c is in N and (n1n2)u = [n2(n1θ)u]c = [n2(n1θ)(cθ)]u. So we have n1n2 = (n1θ)n2(cθ)
and c = [n1(n1θ)−1]θ−1 = [n1(n−11 θ)]θ−1. In a Bol loop, (a, b)−1 = (b, a), so the commutator
(n1u,n2) = (n2, n1u)−1 = {[n2(n−12 θ)]θ−1}−1 = [n−12 (n2θ)]θ−1, which has the same form as
(n1, n2u). Similarly, one can show that the commutator (n1u,n2u) = n1(n1φ)−1n−12 (n2φ).
The associator (x, y, z) is the element a satisfying (xy)z = [x(yz)]a. With n,n1, n2 ∈ N and
x = nu, y = n1, z = n2, we have
(xy)z = [(nu)n1]n2 = [n(n1θ)(n2θ)]u
and
[
x(yz)
]
a = [(nu)(n1n2)]a = {[n(n1n2)θ]u}a = [n(n1n2)θaθ]u,
so a is in N , n(n1θ)(n2θ) = n(n1n2)θ(aθ) and
a = {(n1θ)(n2θ)[(n1n2)θ]−1}θ−1 = {(n1θ)(n2θ)[(n1n2)−1θ]}θ−1.
Similarly,
(nu,n1, n2) = (n1θ)(n2φ)
[
(n1n2)φ
]−1
,
(nu,n1u,n2) = (n1φ)n2
{[
n1(n2θ)
]
φ
}−1
and (nu,n1u,n2u) =
{[
(n1φ)n2
]{[
n1(n2φ)
]−1
θ
}}
θ−1.
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φ u2 No. of els of
1 a b c ab ac bc abc order 2 order 4
a 1 c b ab ac bc abc a 11 4
a 1 c b ac ab bc abc a 9 6
a 1 c b ac ab abc bc 1 7 8
If θ = I , commutators of the first type become trivial as do associators of the first type. Asso-
ciators of the second type become n1(n2φ)[(n1n2)φ]−1 and so do associators of the third type
(with n1 and n2 interchanged). Associators of the fourth type become n1(n1φ)−1n−12 (n2φ) (with
n1 and n2 interchanged), which has the unique form of a commutator.
If φ = R(u2), then commutators of the second type become trivial. Commutators of the
first type and associators of the first type are not changed. Associators of the second type be-
come n−11 (n1θ) and those of the third type become n2(n
−1
2 θ). Both of these are of the form
n(n−1θ). Associators of the fourth type become {(n1n2u2)[(n1n2u2)−1θ ]}θ−1, which is of the
form [n(n−1θ)]θ−1. Once again it is clear that every commutator {n(n−1θ)}θ−1 is also an asso-
ciator. 
We now use Theorem 2.3 to exhibit SRAR loops with more than a single nonidentity commu-
tator/associator. As observed, it has not been known hitherto if such loops existed.
Implicit in all we do is the following result, which is easy to establish.
Theorem 3.2. Let N be an abelian group and let θ and φ be bijections of N . Let u be an
indeterminate and L = N ∪ Nu. Extend the product on N to L by Eqs. (2.2). Then L is a loop
and, if it is not a group, has left nucleus N .
Example 3.3. Let N be an elementary abelian 2-group of order at least 8, let θ = I , and let φ be
any nonidentity bijection on N such that φ2 = I and φ is not a right multiplication map. Since
the square of any element of N is 1, the equations in part (1) of Corollary 2.2 reduce to the
tautologies n2φ = n2φ and n2 = n2, respectively. Thus L is a Bol loop. That L is not Moufang
follows from Theorem 2.1, so L is SRAR by Theorem 2.3. In many cases, we have |L′| > 2.
For example, suppose 〈a〉 = C2, 〈b〉 = C2 and 〈c〉 = C2 are three factors of N and φ inter-
changes 1 and a, and b and c, while fixing abc. We have
n1(n1φ)
−1n2(n2φ)−1 = n1(n1φ)n2(n2φ) =
{1 if n1 = 1, n2 = a,
a if n1 = 1, n2 = abc,
abc if n1 = a, n2 = b.
Thus |L′| > 2 by Lemma 3.1.
In this case, (nu)2 = (nu)(nu) = n(nφ), so that we can easily determine the order of each
element of the loops constructed (thereby making it easy to see that certain loops are not iso-
morphic). Taking N = 〈a〉 × 〈b〉 × 〈c〉 = C2 × C2 × C2, we have many possible permutations of
order 2, each giving rise to a Bol loop of order 16 that is SRAR. We describe three with |L′| > 2
in Table 3.
Example 3.4. Let N be an abelian group of exponent 4 (but not of exponent 2). Let θ = I and
define φ :N → N by nφ = n−1. Noting that φ2 = I and n−2 = n2 for any n ∈ N , we have,
O. Chein, E.G. Goodaire / Journal of Algebra 319 (2008) 1903–1912 1911for any n1, n2 ∈ N , (n21n2)φ = n−21 n−12 = n21(n2φ) and (n1φ)2n2 = n−21 n2 = [n21(n2φ)]φ, so the
equations in part (1) of Corollary 2.2 hold and L is a Bol loop. Since u2 = 1φ = 1, φ 	= R(u2), so
L is not associative by Theorem 2.1 and is SRAR by Theorem 2.3. Since n1(n1φ)−1n−12 (n2φ) =
n21n
2
2 = (n1n2)2, any square in N is in L′. Thus, for example, with N = 〈a〉× 〈b〉 = C4 ×C4, we
get a nonassociative SRAR Bol loop of order 32 with |L′| 4.
The family of loops described here actually coincides with a class of non-Moufang Bol loops
containing an abelian group as a subloop of index 2 discussed by P. Vojte˘chovský [Voj04] and
denoted G(θxy, θxy, θxy, θx−1y) in that paper. (We caution the reader, however, that our loops are
the opposites of Vojte˘chovský’s, whose Bol loops are left Bol.)
In each of these two examples, if we replace N by N × A, where A is any abelian group, and
extend θ and φ so that θ is still the identity map on N × A and (na)φ = (nφ)a, we get a loop
which is just the direct product of the loop described in the example with the abelian group A.
It is not hard to show that the equations of part (1) of Corollary 2.2 still hold and so, by [GR95,
Proposition 3.1], this new loop is still SRAR.
Example 3.5. Let N be an abelian group of exponent 4 (but not of exponent 2), let u2 be any
element of order 2 in N , let φ = R(u2) and let nθ = n−1 for all n ∈ N . Then
(
n21n2
)
θ = n−21 n−12 =
(
n−11
)2
n−12 = (n1θ)2(n2θ)
and
[
n21(n2θ)u
2]θ = [n21n−12 u2]−1 = n−21 n2u−2 = n21n2u2,
so the equations of part (2) of Corollary 2.2 hold and L is a Bol loop. Since R(u2) = φ 	= θR(u2),
L is not associative by Theorem 2.1 and is SRAR by Theorem 2.3. Lemma 3.1 shows that the
loops here often have |L′| > 2 because n(nθ)−1 = n2, so L′ contains all squares of elements
of N . Again, we draw attention to the fact that the family of non-Moufang loops described
in this example is one discussed by P. Vojte˘chovský in [Voj04], specifically the class labeled
G(θxy, θxy, θx−1y, θxy). (Again, our loops are the opposite of Vojte˘chovský’s.)
As before, if we replace N by N × A in Example 3.5, A any abelian group, and extend θ and
φ so that (na)θ = (nθ)a and (na)φ = (nφ)a, we again get a loop that is just the direct product
of the loop described in Example 3.5 with the abelian group A, and the extended loop remains
SRAR, by [GR95].
Remark 3.6. While the thrust of this paper has been to show that an index 2 commutative
left nucleus is often helpful in finding SRAR loops with more than a single nonidentity com-
mutator/associator, one can also find such loops with |L′| = 2. At present, to the best of our
knowledge, all known SRAR loops either have |L′| = 2 or they satisfy the conditions of Theo-
rem 2.3.
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